3 



43 



oo 
(N 






STANLEY SYMMETRIC FUNCTIONS 

AND 

PETERSON ALGEBRAS 



Q ' THOMAS LAM 

(N' 



Abstract. These are (mostly) expository notes for lectures on affine Stanley 
symmetric functions given at the Fields Institute in 2010. We focus on the 
algebraic and combinatorial parts of the theory. The notes contain a number 
of exercises and open problems. 



^^ ' Stanley symmetric functions are a family {F w | w £ S n } of symmetric functions 

indexed by permutations. They were invented by Stanley Sta to enumerate the 
reduced words of elements of the symmetric group. The most important properties 
of the Stanley symmetric functions are their symmetry, established by Stanley, and 
their Schur positivity, first proven by Edelman and Greene [EG!, and by Lascoux 
and Schiitzenberger |LSc82j . 

Recently, a generalization of Stanley symmetric functions to affine permutations 
was developed in [LamOfl . These affine Stanley symmetric functions turned out to 
have a natural geometric interpretation ILam08j : they are pullbacks of the cohomol- 
ogy Schubert classes of the affine flag variety LSU(n)/T to the affine Grassmannian 
(or based loop space) QSU(n) under the natural map flSU(n) — > LSU(n)/T. The 
combinatorics of reduced words and the geometry of the affine homogeneous spaces 
are connected via the nilHecke ring of Kostant and Kumar |KKj . together with 
a remarkable commutative subalgebra due to Peterson [Pet] . The symmetry of 



affine Stanley symmetric functions follows from the commutativity of Peterson's 
subalgebra, and the positivity in terms of affine Schur functions is established via 
the relationship between affine Schubert calculus and quantum Schubert calculus 
[LS10|, ILL) . The affine-quantum connection was also discovered by Peterson. 

The affine generalization also connects Stanley symmetric functions with the 
theory of Macdonald polynomials [Mac] - my own involvement in this subject began 
when I heard a conjecture of Mark Shimozono relating the Lapointe-Lascoux-Morse 
/c-Schur functions [LLM to the affine Grassmannian. 

While the definition of (affine) Stanley symmetric functions does not easily gener- 
alize to other (affine) Weyl groups (see [BdtllBTllFK96llLSS101lPon] ). the algebraic 
and geometric constructions mentioned above do. 

This article introduces Stanley symmetric functions and affine Stanley symmet- 
ric functions from the combinatorial and algebraic point of view. The goal is to 
develop the theory (with the exception of positivity) without appealing to geo- 
metric reasoning. The notes are aimed at an audience with some familiarity with 
symmetric functions, Young tableaux and Coxeter groups/root systems. 
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2 THOMAS LAM 

The first third (Sections Q] - [3j of the article centers on the combinatorics of 
reduced words. We discuss reduced words in the (affine) symmetric group, the 
definition of the (affine) Stanley symmetric functions, and introduce the Edelman- 
Greene correspondence. Section [4] reviews the basic notation of Weyl groups and 
affine Weyl groups. In Sections [5][9] we introduce and study four algebras: the 
nilCoxeter algebra, the Kostant-Kumar nilHecke ring, the Peterson centralizer sub- 
algebra of the nilHecke ring, and the Fomin-Stanley subalgebra of the nilCoxeter 
algebra. The discussion in Section [3] is new, and is largely motivated by a conjec- 
ture (Conjecture I5.5[) of the author and Postnikov. In Section [TU1 we give a list 
of geometric interpretations and references for the objects studied in the earlier 
sections. 

We have not intended to be comprehensive, especially with regards to general- 
izations and variations. There are four such which we must mention: 

(1) There is an important and well-developed connection between Stanley sym- 
metric functions and Schubert polynomials, see |BJSllLSc82j . 

(2) There is a theory of (affine) Stanley symmetric functions in classical types; 
see pniBniFKSSllESSIPllFon] . 

(3) Nearly all the constructions here have iiT-theoretic analogues. For full de- 
tails see pSsSH HKSTYl |FK9l [LSS] . 

(4) There is a Mgraded version of the theory. See [LLM1 ILM051ILM07] . 

We have included exercises and problems throughout which occasionally assume 
more prerequisites. The exercises vary vastly in terms of difficulty. Some exercises 
essentially follow from the definitions, but other problems are questions for which 
I do not know the answer to. 

1. Stanley symmetric functions and reduced words 

For an integer m > 1, let [to] = {1, 2, . . . , m}. For a partition (or composition) 
A = (Ai, A2, • • • , A^), we write |A| = Ai + •• • + Xe- The dominance order ^ on 
partitions is given by A -< fj, if for some k > we have Ai + A2 + • ■ • + Xj = 
Mi + M2 + • ■ ■ + Mi for 1 < j < fc and Ai + A 2 + • • • + A fc < /ii + /i 2 + ■ ■ ■ + Mfc- The 
descent seiDes(a) of a word a\a,2 • • • a n is given by Des(a) = {i e [h—1] | o>i > Q>i+\\- 

1.1. Young tableaux and Schur functions. We shall assume the reader has 
some familiarity with symmetric functions and Young tableaux |Macj |EC2| Ch. 
7]. We write A for the ring of symmetric functions. We let m\, where A is a 
partition, denote the monomial symmetric function, and let hk and e^, for integers 
k > 1, denote the homogeneous and elementary symmetric functions respectively. 
For a partition A = (Ai, A2, ■ ■ ■ , A^), we define h\ := h\ ± h\ 2 ■ ■ ■ h\ e , and similarly 
for e\. We let (., .} denote the Hall inner product of symmetric functions. Thus 
(h\, m M ) = (m\, hfj) = (s x , s M ) = (5 Am . 

We shall draw Young diagrams in English notation. A tableau of shape A is a 
filling of the Young diagram of A with integers. A tableau is column-strict (resp. 
row-strict) if it is increasing along columns (resp. rows). A tableau is standard if 
it is column-strict and row-strict, and uses each number 1, 2, . . . , |A| exactly once. 
A tableau is semi-standard if it is column-strict, and weakly increasing along rows. 
Thus the tableaux 
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are standard and semistandard respectively. The weight wt(T) of a tableau T is 
the composition (ai, a.2, . . .) where cti is equal to the number of z's in T. The Schur 
function s\ is given by 

T 

where the summation is over semistandard tableaux of shape A, and for a compo- 
sition a, we define x a := x^x^ 2 ■ ■ ■ ■ For a standard Young tableau T we define 
Des(T) = {i | i + 1 is in a lower row than i}. We also write f x for the number of 
standard Young tableaux of shape A. Similar definitions hold for skew shapes \/ jjl. 
We shall often use the Jacobi-Trudi formula for Schur functions (see [Mad IEC2] ) . 

Theorem 1.1. Let A = (Ai > A2 > • • ■ > A^ > 0) be a partition. Then 

s\ = det(/iA i +j-t)i,i=i- 

1.2. Permutations and reduced words. Let S n denote the symmetric group of 
permutations on the letters [n]. We think of permutations w,v G S n as bijections 
[n] —> [n], so that the product w v € S n is the composition w o v as functions. The 
simple transposition Sj G S n , i G {1,2, . . . ,n — 1} swaps the letters i and i + 1, 
keeping the other letters fixed. The symmetric group is generated by the Si, with 
the relations 

s ■ = 1 for 1 < i < n - 1 

SiS i+ iSi = s i+ iSjSi + i for 1 < i < n - 2 

s^Sj = SjSi for \i — j\ > 1 

The length £(w) of a permutation w £ 5 U is the length of the shortest expression 
w = Si t ■ ■ ■ Si e for w as a product of simple generators. Such a shortest expression 
is called a reduced expression for u>, and the word zi«2 ■ • • i£ is a reduced word for «;. 
Let -R(w) denote the set of reduced words of w G S n . We usually write permutations 
in one-line notation, or alternatively give reduced words. For example 3421 G S4 
has reduced word 23123. 

There is a natural embedding S n '—> S n +i and we will sometimes not distinguish 
between w G S n and its image in S n +± under this embedding. 

1.3. Reduced words for the longest permutation. The longest permutation 
wo G S n is wo = n (n — 1) • • • 2 1 in one- line notation. Stanley [Sta] conjectured 
the following formula for the number of reduced words of wq , which he then later 
proved using the theory of Stanley symmetric functions. Let 5 n = (n, 1% — 1, . . . , 1) 
denote the staircase of size n. 

Theorem 1.2 ( |Sta| ). The number R(wq) of reduced words for wq is equal to the 
number J" 5 ™ -1 of staircase shaped standard Young tableaux. 

1.4. The Stanley symmetric function. 

Definition 1 (Original definition). Let w G S n . Define the Stanley symmetric 
functioi\j F w by 

F w (xi,X 2 ,--.)= ^ x bl x b2 ---x bl ,. 

o 1 a 2 ...a f eH(ra) l<b 1 <b 2 <-<b e 

a,i<a i+ i ^=> fci<fc i+ i 



Our conventions differ from Stanley's original definitions by w <-> to L 
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We shall establish the following fundamental result }Sta] in two different ways in 
Sections [2] and but shall assume it for the remainder of this section. 

Theorem 1.3 ( |Sta] ). The generating function F w is a symmetric function. 

A word a\a<i • • ■ at is decreasing if a\ > a<i > • • • > at- A permutation w G S n 
is decreasing if it has a (necessarily unique) decreasing reduced word. The identity 
id G S n is considered decreasing. A decreasing factorization of w G S n is an 
expression w — v±v 2 • • ■ v r such that Vi G S n are decreasing, and £(w) = Xa=i ^( v i)- 

Definition 2 (Decreasing factorizations). Let w G S n . Then 

f w ( Xi ,x 2 ,...)= Yl 4 M ---4 M - 

Example 1. Consider w = s 1 s 3 s 2 s 3 G S 4 . Then R(w) = {1323,3123, 1232}. Thus 

F w = m 2 n + 3mim = s 2 n. 
The decreasing factorizations which give miw are 31 2 3, 1 32 3, 1 2 32. 

1.5. The code of a permutation. Let w G S n . The code c(w) is the sequence 
c(w) = (ci,C2,...,) of nonnegative integers given by c» = #{j G [n] \ j > 
i and w(j) < w(i)} for i G [n], and c% = for i > n. Note that the code of iu 
is the same regardless of which symmetric group it is considered an element of. 

Let X(w) be the partition conjugate to the partition obtained from rearranging 
the parts of c(w _1 ) in decreasing order. 

Example 2. Let w = 216534 G 5 6 . Then c{w) = (1,0,3,2,0,0,...), and c^" 1 ) = 
(1,0,2,2,1,0,...). Thus X(w) = (4,2). 

For a symmetric function / G A, let [m^]/ denote the coefficient of m\ in /. 

Proposition 1.4 ( Sta ). Let w G S^. 

(1) Suppose [m\]F w ^ 0. TTien A -< X{w). 

(2) [m A{u) ]F u = 1. 

Proof. Left multiplication of w by Sj acts on c(w _1 ) by 

(ci,. . . ,Ci,Ci+l,. . .) I > (ci, . . . ,Ci+l,Ci - 1,...) 

whenever £(siw) < £(w). Thus factorizing a decreasing permutation v out of w 
from the left will decrease £(v) different entries of c(w~ 1 ) each by 1. (1) follows 
easily from this observation. 

To obtain (2), one notes that there is a unique decreasing permutation v of length 
Hi(w) such that £(w) = ^(i;" 1 ^) + £(v). □ 

Example 3. Continuing Example^ one has w = 2431 in one-line notation. Thus 
X(w) = (2, 1, 1), agreeing with Proposition ]! .J\ and our previous calculation. 

1.6. Fundamental Quasi-symmetric functions. Let D C [n — 1]. Define the 
(Gessel) fundamental quasi- symmetric function Ld by 



L D {x 1 ,x 2 ,.-.)= Y 



Xbi Xb2 ' ' ' Xb n 



l<b 1 <b 2 ---<b n 

i£D =► b i+1 >bi 



Note that Lr> depends not just on the set D but also on n. 

A basic fact relating Schur functions and fundamental quasi-symmetric functions 

is: 
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Proposition 1.5. Let X be a partition. Then 

S\ = 2 y ^Dcs(T)- 
T 

Definition 3 (Using quasi symmetric functions). Let w € S n . Then 

F w {xi,X 2 t ■ •) = 2^ ^Dcs(a)- 

aeiijin- 1 ) 

Example 4. Continuing Example\T\ we have F w = L%-\-L\ +L3, where all subsets 
are considered subsets of [3] . Note that these are exactly the descent sets of the 
tableaux 
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1.7. Exercises. 

(1) Prove that |c(iy)| := ^(^(u;) is equal to £(w). 

(2) Let Soo = U„>i5„, where permutations are identified under the embeddings 
Si M- S2 "-> S3 ■ ■ ■ . Prove that iu 1 — » c(w) is a bijection between S^ and 
nonnegative integer sequences with finitely many non-zero entries. 

(3) Prove the equivalence of Definitions [TJ and [3] 

(4) What happens if we replace decreasing factorizations by increasing factor- 
izations in Definition [2]? 

(5) What is the relationship between F w and F w -il 

(6) (Grassmannian permutations) A permutation w € S n is Grassmannian if 
it has at most one descent. 

(a) Characterize the codes of Grassmannian permutations. 

(b) Show that if w is Grassmannian then F w is a Schur function. 

(c) Which Schur functions are equal to F w for some Grassmannian per- 
mutation !»£5„? 

(7) (321-avoiding permutations IBJSJ ) A permutation w G S n is 321-avoiding 
if there does not exist a < b < c such that w(a) > w(b) > w(c). Show 
that w is 321-avoiding if and only if no reduced word i £ R(w) contains a 
consecutive subsequence of the form j(J + l)j. If w is 321-avoiding, show 
directly from the definition that F w is a skew Schur function. 



2. Edelman-Greene insertion 

2.1. Insertion for reduced words. We now describe an insertion algorithm for 
reduced words, due to Edclman and Greene |EGj . which establishes Theorem 11.31 
and in addition stronger positivity properties. Related bijections were studied by 
Lascoux-Schutzenberger [LSc85l and by Haiman [Hai . 

Let T be a column and row strict Young tableau. The reading word r(T) is the 
word obtained by reading the rows of T from left to right, starting with the bottom 
row. 

Let w £ S n - We say that a tableau T is a EG-tableau for w if r(T) is a reduced 
word for w. For example, 
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has reading word r(T) = 23123, and is an EG-tablcau for 3421 e ^4 
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Theorem 2.1 ( [EG] ). Let w € S n . There is a bijection between R(w) and the set 
of pairs (P, Q), where P is an EG-tableau for w, and Q is a standard Young tableau 
with the same shape as P. Furthermore, under the bijection i <H- (P(i), Q(i)) we 
have Des(i) = Des(Q). 

Combining Theorem 12.11 with Proposition 11.51 and Definition [3j we obtain: 

Corollary 2.2. Let w G S n . Then F w — ^2 x a w \s\, where a w \ is equal to the 
number of EG-tableau for w^ 1 . In particular, F w is Schur positive. 



As a consequence we obtain Theorem 11.31 

Lemma 2.3. Suppose T is an EG-tableau for S n . Then the shape ofT is contained 
in the staircase 6 n —i. 

Proof. Since T is row-strict and column-strict, the entry in the i-th row and j-th 
column is greater than or equal to i + j — 1. But EC-tableaux can only be filled 
with the numbers 1,2, ... ,n — 1, so the shape of T is contained inside 5 n _i. □ 

Proof of Theorem \l.Sl The longest word wq has length (™) . Suppose T is an EG- 
tableau for wo. Since the staircase 5 n -i has exactly (™) boxes, Lemma [2.31 shows 
that T must have shape 8 n -\. But then it is easy to see that the only possibility 
for T is the tableau 
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Thus it follows from Theorem 12.11 that R(wq) = f s 



a 



The proof of Theorem 12.11 is via an explicit insertion algorithm. Suppose T is 
an EG-tableau. We describe the insertion of a letter a into T. If the largest letter 
in the first row of T is less than a, then we add a to the end of the first row, and 
the insertion is complete. Otherwise, we find the smallest letter a' in T greater 
than a, and bump a' to the second row, where the insertion algorithm is recursively 
performed. The first row RoiT changes as follows: if both a and a+ 1 were present 
in R (and thus a' = a + 1) then the row remains unchanged; otherwise, we replace 
a' by a in R. 

For a reduced word i = i\ ii ■ ■ ■ ii, we obtain P(i) by inserting i\, then 12, and so 
on, into the empty tableau. The tableau Q(i) is the standard Young tableau which 
records the changes in shape of the EG-tableau as this insertion is performed. 

Example 5. Let i = 21232. Then the successive EG-tableau are 



2 3 



1 


2 


3 


2 


3 





1 


3 


4 


2 


5 





STANLEY SYMMETRIC FUNCTIONS AND PETERSON ALGEBRAS 

so that 

0(i) 

2.2. Coxeter-Knuth relations. Let i be a reduced word. A Coxeter-Knuth re- 
lation on i is one of the following transformations on three consecutive letters of 
i: 

(1) a (a + 1) a ~ (a + 1) a (a + 1) 

(2) abc ~ a c & when & < a < c 

(3) abc ^ bac when b < c < a 

Since Coxeter-Knuth relations are in particular Coxeter relations for the symmetric 
group, it follows that if two words are related by Coxeter-Knuth relations then 
they represent the same permutation in S n . The following result of Edelman and 
Greene states that Coxeter-Knuth equivalence is an analogue of Knuth-equivalence 
for reduced words. 

Theorem 2.4 ([EG]). Suppose i, i' E R(w). Then P(i) = P(i') if and only ifi and 
i' are Coxeter-Knuth equivalent. 

2.3. Exercises and Problems. 

(1) For w £ S n let 1 x w E S n+ i denote the permutation obtained from w by 
adding 1 to every letter in the one-line notation, and putting a 1 in front. 
Thus if w = 24135, we have 1 X w = 135246. Show that P^ = Pi xro . 

(2) Suppose u> E 5„ is 321-avoiding (see Section H~7|) . Show that Edelman- 
Greene insertion of i E P(iu) is the usual Robinson-Schensted insertion of 
i. 

(3) (Vexillary permutations |BJSj ) A permutation w E S n is vexillary if it 
avoids the pattern 2143. That is, there do not exist a < b < c < d such 
that w(b) < w(a) < w(d) < w(c). In particular, wq is vexillary. 

The Stanley symmetric function F w is equal to a Schur function s\ if and 
only if w is vexillary |BJS| p. 367]. Is there a direct proof using Edelman- 
Greene insertion? 

(4) (Shape of a reduced word) The shape A(i) of a reduced word i S R(w) is 
the shape of the tableau P(i) or Q(i) under Edelman- Greene insertion. Is 
there a direct way to read off the shape of a reduced word? (See |TY) for 
a description of Ai(i).) 

For example, Greene's invariants (see for example |EC21 Ch. 7]) describe 
the shape of a word under Robinson-Schensted insertion. 

(5) (Coxeter-Knuth relations and dual equivalence (graphs)) Show that Coxeter- 
Knuth relations on reduced words correspond exactly to elementary dual 
equivalences on the recording tableau (see Hai ) . They thus give a structure 
of a dual equivalence graph [Ass] on R(w). 

An independent proof of this (in particular not using EG-insertion), 
together with the technology of [Ass] , would give a new proof of the Schur 
positivity of Stanley symmetric functions. 

(6) (Lascoux-Schutzenberger transition) Let (i,j) € S n denote the transposi- 
tion which swaps i and j. Fix r £ [n] and w £ S n . The Stanley symmetric 
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functions satisfy |LSc85j the equality 
(2-1) ]T F a =l Yl F «) (+^) 

u-w(r.s): £(u)—£(w) + l r<s \v—w(s',r): l(v)—£(w) + l s' <r / 

where the last term with x = (1 xw)(l,r) is only present if £(x) = £(w) + l. 
One obtains another proof of the Schur positivity of F u as follows. Let r 
be the last descent of u, and let k be the largest index such that u(r) > u(k). 
Set w — u(r, k). Then the left hand side of (I2.ip has only one term F u . 
Recursively repeating this procedure for the terms F v on the right hand 
side one obtains a positive expression for F u in terms of Schur functions. 

(7) (Little's bijection) Little [Lit] described an algorithm to establish (|2.ip . 
which we formulate in the manner of |LS06j . A v -marked nearly reduced 
word is a pair (i, a) where i = i\i2 ■ ■ ■ if. is a word with letters in Z>o and a 
is an index such that j = ii%2 ■ ■ ■ i a ■ ■ ■ ig. is a reduced word for v, where i a 
denotes omission. We say that (i, a) is a marked nearly reduced word if it 
is a v- marked nearly reduced word for some v. A marked nearly reduced 
word is a marked reduced word if i is reduced. 

Define the directed Little graph on marked nearly reduced words, where 
each vertex has a unique outgoing edge (i,a) — > (i',a') as follows: i' is 
obtained from i by changing i a to i a — 1- If i a — 1 = 0, then we also increase 
every letter in i by 1. If i is reduced then a' = a. If i is not reduced then 
a' is the unique index not equal to a such that iii2 • • • i a ' • • • it is reduced. 
(Check that this is well-defined.) 

For a marked reduced word (i, a) such that i is reduced, the forward 
Little move sends (i, a) to (j,6) where (j,b) is the first marked reduced 
word encountered by traversing the Little graph. 

Example 6. Beginning with i = 2134323 and a — 5 one has 

2134321 -> 2134221 -> 2134211 -> 3245321. 

Note that i is a reduced word for u = 53142 which covers w — 43152. The 
word 3245321 is a reduced word for 514263 = (1 X w)(l, 2). 

Check that if you apply the forward Little move to a iu-marked reduced 
word (i, a) where i S R(u) for some u on the left hand side of (|2.1[) . you 
will get a (w or 1 x w)-marked reduced word (j, b) where j £ R(v) for some 
v on the right hand side of (|2.1[) . This can then be used to prove (j2.ll) . 

(8) (Dual Edelman- Greene equivalence) Let R(oo) denote the set of all reduced 
words of permutations. We say that i, i' e R(oo) are dual EG-equivalent if 
the recording tableaux under EG-insertion are the same: Q(i) = Q(i')- 

Conjecture 2.5. Two reduced words are dual EG-equivalent if and only if 
they are connected by forward and backwards Little moves. 

For example, both 2134321 and 3245321 of Example H Edelman- Greene 
insert to give recording tableau 
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(9) Fix a symmetric group S n - Is there a formula for the number of EG-tableau 

of a fixed shape A? (See also Section 15.41 and compare with formulae for 

the number of (semi)standard tableaux |EC2j .) 

(10) There are two common bijections which demonstrate the symmetry of 

Schur functions: the Bender-Knuth involution BK , and the Lascoux- 



(ii! 



Schiitzenberger/crystal operators (see for example |LLTj ). 

Combine this with Edelman- Greene insertion to obtain an explicit weight- 
changing bijection on the monomials of a Stanley symmetric function, which 
exhibits the symmetry of a Stanley symmetric function. Compare with 
Stanley's original bijection jStaJ . 

(Jeu-de-taquin for reduced words) There is a theory of Jeu-de-taquin for 
skew EG-tableaux due to Thomas and Yong [TY091 ITYj , where for example 
one possible slide is 
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3. Affine Stanley symmetric functions 

3.1. Affine symmetric group. For basic facts concerning the affine symmetric 
group, we refer the reader to |BBj . 

Let n > 2 be a positive integer. Let S n denote the affine symmetric group with 
simple generators sq, si, ■ ■ ■ , s n _i satisfying the relations 



*? = 1 



SiSi+l^i 



SiSj 



Si+lSiSi+i 
SjSl 



for \i 



for all i 

for all i 

-j|>2. 



Here and elsewhere, the indices will be taken modulo n without further mention. 
The length £(w) and reduced words R(w) for affine permutations w G S n are defined 
in an analogous manner to Section 11.21 The symmetric group S n embeds in S n as 
the subgroup generated by s%, S2, . . . , s„_i. 

One may realize S n as the set of all bijections w : Z — > Z such that w(i + n) = 
w(i) + n for all i and X!i=i w (*) — X!i=i *■ l n this realization, to specify an element 
to G S n it suffices to give the "window" [u>(l), w(2), . . . , w(n)]. The product w ■ v 
of two affine permutations is then the composed bijection w o v : Z — > Z. Thus wsi 
is obtained from w by swapping the values of w(i + kn) and w(i + kn + 1) for every 
k G Z. An affine permutation w G S n is Grassmannian if w(l) < w(2) < ■ • • < w(n). 
For example, the affine Grassmannian permutation [—2, 2, 6] G S3 has reduced 
words 2120 and 1210. 



3.2. Definition. A word a\a-z---ai with letters in Z/nZ is called cyclically de- 
creasing if (1) each letter occurs at most once, and (2) whenever i and i + l both 
occur in the word, i + l precedes i. 

An affine permutation w G S n is called cyclically decreasing if it has a cyclically 
decreasing reduced word. Note that such a reduced word may not be unique. 
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Lemma 3.1. There is a bijection between strict subsets of Z/nZ and cyclically 
decreasing affine permutations w G S n , sending a subset S to the unique cycli- 
cally decreasing affine permutation which has reduced word using exactly the simple 
generators {si i G S}. 

We define cyclically decreasing factorizations of w G S n in the same way as 
decreasing factorizations in S n . 



t(vi) J(v 2 ) t(v T ) 



Definition 4. Let w G S n . The affine Stanley symmetric function F w is given by 

W—V±V2 •••V r 

where the summation is over cyclically decreasing factorizations ofw. 

Theorem 3.2 ([Lam06]). The generating function F w is a symmetric function. 

Theorem 13. 21 can be proved directly, as was done in |Lam06j . We shall establish 
Theorem 13.21 using the technology of the affine nilHecke algebra in Sections [SHS1 
Some immediate observations: 

(1) F w is a homogeneous of degree £(w). 

(2) If w G S n , then a cyclically decreasing factorization of w is just a decreasing 
factorization of w, so F w = F w . 

(3) The coefficient of x\x 2 ■ ■ ■ xm w ) in F w is equal to |i?(ty)|. 

Example 7. Consider the affine permutation w — S2 s i s 2 s o s 2- The reduced words 
are R{w) — {21202,12102,21020}. The other cyclically decreasing factorizations 
are 

2T20 2,2T2 0^,T2T0 2,T2T0^,T211)2,2T02 0,2T0^0,2T020 

2T2 02,T2T02,2T02 

Thus 

F w = m 2 2i + 2to 2 ih + 3miim. 

3.3. Codes. Let w G S n . The code c(w) is a vector c(w) — (c±, C2, ■ • ■ , c n ) G 
Z" — Z" of non-negative entries with at least one 0. The entries are given by 
Ci = #{j G Z | j > i and w{j) < w(i)}. 

It is shown in BB that there is a bijection between codes and affine permutations 
and that £{w) = \c(w)\ := X)"=i c j- We define X(w) as for usual permutations 
(see Section [TJ. For example, for w — S2S0S1S2S1S0 = [—4,3,7] G S3, one has 
c(w- 1 ) = (5, 1, 0) and A = (2, 1, 1, 1, 1). 

Let B n denote the set of partitions A satisfying Ai < n, called the set of (n — 1)- 
bounded partitions. 

Lemma 3.3 ( BB]). The map w i-> X(w) is a bijection between S® and B n . 

The analogue of Proposition 11.41 has a similar proof. 

Proposition 3.4 ( Lam06 ). Let w G S n . 

(1) Suppose [m\]F w ^ 0. Then A ~< X(w). 

(2) [m x(w) ]F w = 1. 
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3.4. A(„) and A'™). Let A(„) C A be the subalgebra generated by hi, hi, . . . , h n -i, 
and let A^ := A//(„) where /(„) is the ideal generated by m^ for /i ^ B n . A basis 
for A(„) is given by {h\ | A G £>"}. A basis for A'™) is given by {m\ \ A G B n }. 

The ring of symmetric functions A is a Hopf algebra, with coproduct given 
by A(/i/j) = ^2j =0 hj Cg) hk-j- Equivalently, the coproduct of f{xi,x%,...) G A 
can be obtained by writing f{x\,X2, ■ ■ ■ , Hi, 1)2, ■ ■ ■) m the form £\ fi(xi,X2, ■ ■ ■) <8> 
9i{yii 2/2 1 ■ • ■) where fi and <?j are symmetric in z's and j/'s respectively. Then 

A(/)=Ei/i®5i- 

The ring A is self Hopf-dual under the Hall inner product. That is, one has 

(A/, g ® h) = (/, g/i) for f,g,h G A. Here the Hall inner product is extended to 
A <g> A in the obvious way. The rings A(„) and A 1 ™) are in fact Hopf algebras, which 
are dual to each other under the same inner product. We refer the reader to jMacj 
for further details. 

3.5. Afflne Schur functions. Stanley symmetric functions expand positively in 
terms of the basis of Schur functions (Corollary |2.2[) . We now describe the analogue 
of Schur functions for the afhne setting. 

For A G £>", we let F\ :— F w where w G 5° is the unique affine Grassmannian 
permutation with X(w) = A. These functions F\ are called affine Schur functions 
(or dual fc-Schur functions, or weak Schur functions). 

Theorem 3.5 ( [LMQ3 |Lam06] ) . The affine Schur functions {F x | A G B m } form 
a basis of A^ n \ 

Proof. By Proposition ^. 41 the leading monomial term of F\ is m\. Thus {F\ \ A G 
B m } is triangular with resepect to the basis {m\ \ A G B m }, so that it is also a 
basis. □ 

We let {s x } C A( n ) denote the dual basis to F\. These are the (ungraded) 
k-Schur functions, where k = n — 1. It turns out that the /c-Schur functions are 
Schur positive. However, afhne Stanley symmetric functions are not. Instead, one 
has: 

Theorem 3.6 ([Lam08]). The affine Stanley symmetric functions F w expand pos- 
itively in terms of the affine Schur functions F\ . 

Theorem 13.61 was established using geometric methods. See Section [TU] and 
[Lam08j . It is an open problem to give a combinatorial interpretation of the afhne 
Stanley coefficients, expressing affine Stanley symmetric functions in terms of afhne 
Schur functions. 

3.6. Example: The case of S3. To illustrate Theorem l3.5[ we completely describe 
the afhne Schur functions for S3. 

Proposition 3.7. Let w G S n be the affine Grassmannian permutation correspond- 
ing to the partition (2 Q l b ). Then \R{w)\ = ( Lb/2 Q +aJ ). 

Proposition 3.8. The affine Schur function F 2 a X b is given by 

- / L6/2 + _jjV 

^2<\i b — 2^i I ■ lm 2 )iH2«-2j. 

3=0 ^ a ~ J ' 
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The k-Schur function s„ a . b is given by 

(2) _ , a \b/2\ ,b-2[b/2] 
2 a ,l b ~~ ' t 2 e 2 "l 

Example 8. For w = 1210, we have a = 1 andb = 2. Thus R(w) = {1210, 2120} 
has cardinality (.J = 2, and i^.i 2 = W211 + 2mim. 

Example 9. TTie affine Stanley symmetric function of Example [?] expands as 

F W = F 2 2 A +F 2il3 +F 1 5 

agreeing with Theorem \3.6\ 

3.7. Exercises and problems. 

(1) (Coproduct formula |Lam06| ) Show that AF W = Y,uv=w.i(w)=e(u)+i(v) ^«® 

£,. 

(2) (321-avoiding afhne permutations [Lam06j ) Extend the results in Section 
ll.7l on 321-avoiding permutations to the affine case. 

(3) (Affine vexillary permutations) For which w € S n is F w equal to an affine 
Schur function F\? See the discussion of vexillary permutations in Section 
12.31 and also |Lam061 Problem 1]. 

(4) (n — > 00 limit) Show that for a fixed partition A, we have lim„_>. 00 F^ = s\, 
where F^ denotes the affine Schur function for S n . 

(5) Extend Proposition 13 .81 to all affine Stanley symmetric functions in S3, and 
thus give a formula for the affine Stanley coefficients. 

(6) Is there an affine analogue of the fundamental quasi-symmetric functions? 
For example, one might ask that affine Stanley symmetric functions expand 
positively in terms of such a family of quasi-symmetric functions. Affine 
Stanley symmetric functions do not in general expand positively in terms 
of fundamental quasi-symmetric functions (see |McN[ Theorem 5.7]). 

(7) Find closed formulae for numbers of reduced words in the affine symmetric 
groups S n , n > 3, extending Proposition 13.71 Are there formulae similar 
to the determinantal formula, or hook-length formula for the number of 
standard Young tableaux? 

(8) (n-cores) A skew shape X/fi is a n-ribbon if it is connected, contains n 
squares, and does not contain a 2 x 2 square. An n-core A is a partition such 
that there does not exist [i so that \j \x is a n-ribbon. There is a bijection 
between the set of n-cores and the affine Grassmannian permutaitons S®. 
Affine Schur functions can be described in terms of tableaux on n-cores, 
called /c-tableau [LM05] (or weak tableau in |LLMSj ). 

(9) (Cylindric Schur functions [PosllM cN^) Let C(k, n) denote the set of lattice 
paths p in Z 2 where every step either goes up or to the right, and which is 
invariant under the translation (x, y) i-)- (x + n~ k, y+k). Such lattice paths 
can be thought of as the boundary of an infinite periodic Young diagram, 
or equivalently of a Young diagram on a cylinder. We write p C q if p 
lies completely to the left of q. A cylindric skew semistandard tableau is a 
sequence po c p\ C ■ ■ • C pu of p, e C(k, n) where the region between pi 
and pi+i does not contain two squares in the same column. One obtains 
[Posj a natural notion of a cylindric (skew) Schur function. Show that 
every cylindric Schur function is an affine Stanley symmetric function, and 
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every affine Stanley symmetric function of a 321-avoiding permutation is a 
cylindric Schur function ( }Lam06j ). 

(10) (Kashiwara-Shimozono affine Grothendieck polynomials) The usual Stanley 
symmetric functions can be expressed as stable limits of Schubert polyno- 
mials |BJSj . What is the relationship between affine Stanley symmetric 
functions and the affine Grothendieck polynomials of Kashiwara and Shi- 
mozono [KS ? 

(11) Is there a good notion of Coxeter-Knuth equivalence for reduced words 
of affine permutations? This may have an application to the affine Schur 
positivity of affine Stanley symmetric functions (Theorem I3.6[) . See also 
SectiorES]©. 

(12) (Affine Little bijection [LS06J ) There is an affine analogue of Little's bijec- 
tion (Section l2.3[) developed in [LS06 . It gives a combinatorial proof of the 
affine analogue of the transition formula (|2.1[) . Can the affine Little bijec- 
tion, or the affine transition formula lead to a proof of Theorem 13. 61 ? Can 
one define a notion of dual EG-equivalence using the affine Little bijection? 

(13) (Branching positivity |LLMS2| ILam09j ) Let F ( x n) denote the affine Schur 

functions for S n . Then F^ n expands positively in terms of F^ n modulo 
the ideal in symmetric functions generated by m„ with V\ > n. Deduce 
using Q that fc-Schur functions are Schur positive. 

4. Root systems and Weyl groups 

In this section, we let W be a finite Weyl group and W a { denote the correspond- 
ing affine Weyl group. We shall assume basic familiarity with Weyl groups, root 
systems, and weights [Huml iKac] . 

4.1. Notation for root systems and Weyl groups. Let A — (aij)i je / af denote 
an affine Cartan matrix, where / a f = /U{0}, so that (ay)i.jg/ is the corresponding 
finite Cartan matrix. For example, for type A„_i (corresponding to S n ) and n > 2 
we have / a f = Z/nZ and 

2 iii = j 
-1 ifj = z±l 

otherwise. 

The affine Weyl group W a { is generated by involutions {si \ i G I a f } satisfying the 
relations {siSj) niij = id, where for i ^ j, one defines rriij to be 2, 3, 4, 6, oo according 
as dijCiji is 0, 1, 2, 3, > 4. The finite Weyl group W is generated by {si \ i <E /}. For 
the symmetric group W — S n , we have I = [n — 1], rrii t i + i = 3, and my = 2 for 

N-ii>2. 

Let R be the root system for W. Let R + denote the positive roots, R~~ denote 
the negative roots and {at i G /} denote the simple roots. Let 8 denote the 
highest root of R + . Let p —\ Y^ a eR+ a denote the half sum of positive roots. Also 
let {a( i € /} denote the simple coroots. 

We write R a { and R^ f for the affine root system, and positive affine roots. The 
positive simple affine roots (resp. coroots) are {on \ i <E I a f} (resp. {a( \ i e / a f})- 
The null root S is given by 5 = ao + 0- A root a is real if it is in the Waf-orbit of 
the simple affine roots, and imaginary otherwise. The imaginary roots are exactly 
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{k8 | k G Z \ {0}}. Every real affine root is of the form a + kS, where a £ R. The 
root a + kS is positive if k > 0, or if k = and a G i? + . 

Let Q = ©ie/Z • Qfi denote the root lattice and let Q v = ©ie/Z • <x( denote 
the co-root lattice. Let P and P v denote the weight lattice and co-weight lattice 
respectively. Thus Q C P and Q v C P v . We also have a map Q a { — ©i S / af Z • a^ — > 
P given by sending a$ to —6 (or equivalently, by sending <5 to 0). Let (., .} denote 
the pairing between P and P v . In particular, one requires that {exf , cxj) = a^. 

The Weyl group acts on weights via Si ■ X = X — (ct( , X)cti (and via the same 
formula on Q or Q a f ), and on coweights via s, • jjl = /i — (fi, ai)a][ (and via the same 
formula on Q v ). For a real root a (resp. coroot a v ), we let s a (resp. s Q v) denote 
the corresponding reflection, defined by s a ~ wriW^ 1 if a = w ■ on- The reflection 
s a acts on weights by s a ■ X = X — (a v , X)a. 

Example 10. Suppose W = S n and W a f = S n . We have positive simple roots 
ai,a 2l ■ ■ ■ ,a n _i and an affine simple root a . The finite positive roots are R + = 
{ctij := en + cii + i • • • + cij-i | 1 < i < j < n}. The reflection s ai . is the transpo- 
sition (i,j)- The highest root is 6 = ct\ + ■ ■ ■ + a n -\. The affine positive roots are 
■^af = i a i.j I * "^ J}> w here for simple roots the index is taken modulo n. Note that 
one has ctij = a^+ n ,j+n- The imaginary roots are of the form on y i-\-kn- F° r a re al 
rootctij, the reflection s aij is the affine transposition (i,j). 

The weight lattice can be taken to be P = Z n /(1, 1, . . . , 1), and the coweight 
lattice to be P y = {(xi, X2, ■ ■ ■ ,x n ) E Z™ | y^ • Xj = 0}. The roots and coroots are 
then ctij = ei — ej = ot( ,■ (though the former is in P and the latter is in P v ). The 
inner product P v x P — > Z is induced by the obvious one on Z™. 

4.2. Affine Weyl group and translations. The affine Weyl group can be ex- 
pressed as the semi-direct product W a f — W v. Q v , as follows. For each A € Q v , 
one has a translation element t\ G W a {. Translations are multiplicative, so that 
t\ -tfj, = t\ +fJi . We also have the conjugation formula w txw^ 1 = t w .\ for w <EW and 
A e Q v . Let so denote the additional simple generator of W a {. Then translation 
elements are related to the simple generators via the formula 

S = S g vt_ g v. 

Example 11. For W a f = S n , and X = (Ai, A2, • ■ • , A„) € Q v , we have 

t\ = [1 + raAi , 2 + nX 2 , ■ ■ ■ , n + nX n ] . 
Thus t_e v = [1 — 71, 2, . . . , n — 1, 2n] and Sq — s$vt-$v is the equality 

[0,2, ...,n- l,n + l] = [n,2, ...,n- 1,1] • [1 -n,2, ...,n- l,2n]. 
The element wt\ acts on/zgP via 

(4.1) wt\ ■ fi — w ■ fi. 

In other words, the translations act trivially on the finite weight lattice. This action 
is called the level zero action. 

Let I : W a { — >• Z>o denote the length function of W a f. Thus £(w) is the length 
of the shortest reduced factorization of w. 

Exercise 1. For wtx £ W a t, we have 

(4.2) £(wtx)= Y, l(A,a)+x(wa)|, 

aefi+ 
where x( a ) — if a G R + and xi a ) = 1 otherwise. 
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A coweight A is dominant (resp. anti- dominant) if (A, a) > (resp. < 0) for 
every root a G R + . 

Exercise 2. Suppose A £ Q v is dominant. Then £(t w \) = 2(A, p). 

Let W® { denote the minimal length coset representatives of W a {/W, which we 
call Grassmannian elements. There is a natural bijection between W® { and Q v : 
each coset W a {/W contains one element from each set. 

Exercise 3. We have W® { C\Q V = Q~ , the elements of the coroot lattice which are 
anti-dominant. 

In fact an element wt\ lies in W° f if and only if t\ £ Q~ and w € W x where 
W x is the set of minimal length representatives of W/W\ and W\ is the stabilizer 
subgroup of A. 

5. NlLCOXETER ALGEBRA AND FOMIN-STANLEY CONSTRUCTION 

Let W be a Weyl group and W a f be the corresponding afhne Weyl group. 

5.1. The nilCoxeter algebra. The nilCoxeter algebra Ao is the algebra over Z 
generated by {Ai \ i G 1} with relations 

(A^f = (AjArf if (s tSj ) b - (s jSi ) b 

Aj(AiAj) = (AiAj) Ai it Sj[SiSj) = [SiSj) Si 

The algebra Ao is graded, where Ai is given degree 1. 

The corresponding algebra for the affine Weyl group will be denoted (A a f)o- 

Proposition 5.1. The nilCoxeter algebra Ao has basis {A w \ w € W}, where 
A w = Ai t Ai 2 ■ ■ ■ Ai f for any reduced word i\ii ■■■it of w. The mulitplication is 
given by 

A A = {A WV if £(wv) = t(w) + £(v) 
1 otherwise. 

5.2. Fomin and Stanley's construction. Suppose W — S n . We describe the 
construction of Stanley symmetric functions of Fomin and Stanley [FS] . Define 

h fe = J2 Aw - 

w decreasing: £(w)=k 

For example, when n = 4, we have 

h = id 

hi = A x + A 2 + A 3 

h 2 = A 21 + A 31 + A 32 

h3 = ^-321 

wnere Ai 1 i 2 ...i t := Ai t Ai 2 ■ ■ ■ Ai e . 

Lemma 5.2 ([FS ). The generating function h(i) = ^ fe hfct has the product ex- 
pansion 

h(t) = (1 +tA n -i)(l + tA n _ 2 ) ■■■{! + tA 1 ). 
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Definition 5 (NilCoxeter algebra). The Stanley symmetric function F w is the 
coefficient of A w in the product 

h(x 1 )h(x 2 ) ■ ■ ■ 

Lemma 5.3 ([PS]). We have 

h(x)h(y) = h(x)h(y). 

Thus for every k,l we have 

h k h t = h/h fe . 

Proof. We observe that (1 + xAi) and (1 + yAj) commute whenever \i — j\ > 2 and 
that 

(l+xA i+1 )(l+xAi)(l+yA i+ i) = (l+yAi +1 )(l+yAi)(l+xAi + i)(l-yAi)(l+xAi). 

Assuming by induction that the result is true for SVi-i we calculate 

(1 + xA n -i) •••(! + xAx){l + yAn-i) •••(! + yA x ) 

= [(1 + yAn_ x ){l + yA n _ 2 )(l + xA n - X ){l - yA„_ 2 )(l + xA n _ 2 )\ 

(1 + xA n _ s ) • • • (1 + xA x )(l + yA n _ 2 ) • • • (1 + yA t ) 

= (1 + yA»-i)(l + vA»-a)(l + a?^n-i)(l - vK-2) [(1 + y^„- 2 ) •••(! + yA x )\ 

[(1 + xA n _ 2 ) ■ ■ ■ (1 + xA 1 )} 

= (1 + tM„_i) • •• (1 + 2/^0(1 + xA n _ x ) • • • (1 + xAi). 

n 

Proof of Theorem \1.,'A Follows immediately from Definition [S] and Lemma 15.31 □ 



The following corollary of Lemma 15.31 suggests a way to generalize these con- 
structions to other finite and affine Weyl groups. 

Corollary 5.4. The elements h^ generate a commutative subalgebra of A . 



We call the subalgebra of Corollary 15.41 the Fomin- Stanley sublagebra of Ao, 
and denote it by B. As we shall explain, the combinatorics of Stanley symmetric 
functions is captured by the algebra B, and the information can be extracted by 
"picking a basis" . 

5.3. A conjecture. We take W to be an arbitrary Weyl group. For basic facts 
concerning the exponents of W , we refer the reader to [Hum]. The following conjec- 
ture was made by the author and Alex Postnikov. Let (R + , -<) denote the partial 
order on the positive roots of W given by a -< /3 if f3 — a is a positive sum of simple 
roots, and let J(R + , -<) denote the set of upper order ideals of (R + , -<). 

Conjecture 5.5. The (finite) nilCoxeter algebra Ao contains a graded commutative 
subalgebra B' satisfying: 

(1) Over the rationals, the algebra B' <£>% Q is generated by homogeneous ele- 
ments h, t , hi 2 , . . . , hi r € Ao with degrees deg(hi j ) = ij given by the expo- 
nents of W . 

(2) The Hilbert series P(t) o/B' is given by 

P (t)= J2 tW 

/eJ(ii+,-<) 
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In particular, the dimension of B' is a the generalized Catalan number for 
W (see for example |FR ). 

(3) The set B' has a homogeneous basis {bi \ I G J(R + ,^)} consisting of 
elements which are nonnegative linear combinations of the A w . 

(4) The structure constants of the basis {bi} are positive. 

In the sequel we shall give an explicit construction of a commutative subalgebra 
B and provide evidence that it satisfies Conjecture 15.51 

Suppose W = S n . We show that B' = B satisfies Conjecture 15.51 The upper 
order ideals / of (i? + , -<) are naturally in bijection with Young diagrams fitting 
inside the staircase <5„-i. For each partition A we define the noncommutative Schur 
functions sa G B, following Fomin and Greene [FGj . by writing s\ as a polynomial 
in the hi, and then replacing hi by h^. (We set h^ = if k > n, and ho = f .) 
Fomin and Greene show that s^ is a nonnegative linear combination of the A w 's 
(but it will also follow from our use of the Edelman- Greene correspondence below). 

Proposition 5.6 (Lam - Postnikov). The set {s\ | A C <5 n _i} C B is a basis for 



Proof. Let (.,.): A <E)A — ► Z be the inner product defined by extending bilinear ly 
(A w , A v ) — S wv . Rewriting the definition of Stanley symmetric functions and using 
the Cauchy identity, one has 

F w = ^(h Al h A2 • • • , A w )m x 
x 

= y^(s\, a w )s\. 

X 

It follows that the coefficient of A w in s A is a w \, the coefficient of s\ in F w . By 
Lemma [2. 3( we have s A = unless A C <5„_i. It remains to show that this set of 
s A are linearly independent. To demonstrate this, we shall find, for each A G 5 n -i, 
some w G S n such that F w — s\ + X^a a w^s fJl . 

Since s\ = m\ + J^u^x^x^m^ (where the K\^ are the Kostka numbers), by 
Proposition 11.41 it suffices to show that the permutation w with code c(w) = A 
lies in S n . Let A = (Ai > A2 > . . . > \i > 0). Then define w recursively by 
w(i) = minjj > A^ | j <£ {w(l), w(2), . . . ,w(i — 1)}. Since Ai < n — i, we have 
w(i) < n. By construction w G S n and has code c(w) = A. D 

ik J or J ^s il Si 2 ---Si k ■ 

si = A 1 + A 2 + A 3 
s 2 = A 21 + A 32 + A 31 

S3 = -4321 
I312 S211 = Ai 3 23 + -4l213 
S31 = ^3231 + ^-3121 
S311 = -432123 
S321 = -4321323 

5.4. Exercises and Problems. 

(1) In Example 1 121 every A w occurs exactly once, except for w = S1S3. Explain 
this using Theorem 12.41 



Example 


12. Let W = S A . 


Write A lll2 


Then we have 








S0 = 


1 






Sn = 


= A 12 + A 23 


+ -4l3 




Sill 


= A\ 23 






S21 = 


- A 2 \ 3 + A 2 \ 2 + A 323 + 




S22 = 


- -42132 






S221 


= -423123 






S32 = 


- -432132 
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(2) (Divided difference operators) Let di, 1 < i < n — 1 denote the divided 
difference operator acting on polynomials in x\,Xi, . . . ,x n by 

9, -/(a;i,...,Xn) = ■ 

Show that ^4j H> <9i generates an action of the nilCoxeter algebra Ao for S n 
on polynomials. Is this action faithful? 

(3) (Center) What is the center of Ao and of (A a f)o? 

(4) Does an analogue of Coniecture l5.5l also hold for finite Coxeter groups which 
are not Weyl groups? 

(5) How many terms (counted with multiplicity) are there in the elements s^ 
of Proposition 15.61 '' This is essentially the same problem as © in Section 
[U(why?). 



6. The affine nilHecke ring 

Kostant and Kumar [KK introduced a nilHecke ring to study the topology of 
Kac-Moody flag varieties. Let W be a Weyl group and W a f be the corresponding 
affine Weyl group. 

6.1. Definition of affine nilHecke ring. In this section we study the affine nil- 
Hecke ring A a f of Kostant and Kumar [KK j . Kostant and Kumar define the nilHecke 
ring in the Kac-Moody setting. The ring A a f below is a "small torus" variant of 
their construction for the affine Kac-Moody case. 

The affine nilHecke ring A a f is the ring with a 1 given by generators {Ai \ i G 
laf } U {A I A G P} and the relations 

(6.1) A % A = ( Si ■ A) A z + (at, A) • 1 for A G P, 

(6.2) AiAi = 0, 

(6.3) (AA 3 ) m = (A AA m if (s iSj ) m = ( SjSl ) m . 

where the "scalars" A G P commute with other scalars. Thus A a f is obtained from 
the affine nilCoxeter algebra (A a f)o by adding the scalars P. The finite nilHecke 
ring is the subring A of A a f generated by {A t \ i G /} U {A | A G P}. 

Let w G W a f and let w = Si 1 ■ ■ ■ Si t be a reduced decomposition of w. Then 
A w := Ai x ■ ■ ■ Ai t is a well defined element of A a f , where ^4id = 1. 

Let S = Sym(P) denote the symmetric algebra of P. The following basic result 
follows from |KK[ Theorem 4.6], and can be proved directly from the definitions. 

Lemma 6.1. The set {A w \ w G W a {\ is an S-basis o/A a f. 

Lemma 6.2. The map W a f t-> A a f given by Sj 1— > 1 — onAi G A a f is a homomor- 
phism. 

Proof. We calculate that 

sf = 1 — 2a l A i + aiAia.A, 

= l-2a l A i + a i (-a i A i + 2)A l using (f6TTj) 

= 1 using A\ = 0. 
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If AiAj = AiAj then OiiAj — AjCti so it is easy to see that SiSj — SjSi. Suppose 
AiAjAi = AjAiAj. Then ay = dj% = —1 and we calculate that 

SiSjSi = (1 - q,4.)(1 - oijAj)(l - oiiAA 

= 1 - (2aiAi + acjAj) + (oiiAiajAj + a l A l a i A l + ctjAjOnAi) - a i A l a A j a i A l 

= 1 - (2aiAi + a Aj) + (2a l Aj + 2a t Ai + 2otjAi) + a t (ai + a j )A i A : j + 

aj{oti + aj)AjAi - (oaAi + a i (a l + a^aijAiAjAi) 

= 1 + (2otiAj + 2a,jAi — <Xj,Ai — otjAj) + ai(oti + aj)AiAj + 

otjipti + a.j)AjAi — a.i(a.i + a.^)a.jAiAjAi. 

Since the above expression is symmetric in i and j, we conclude that SiSjSi — 

O j O ^ o j • I — I 

Exercise 4. Complete the proof of Lemma \6.2\ for (AiAj) 2 — (AjAi) 2 and (AiAj) 3 = 
(AjAif. 

It follows from Lemma 16.11 that the map of Lemma 16.21 is an isomorphism onto 
its image. Abusing notation, we write w 6 A a f for the element in the nilHecke ring 
corresponding to w E Wgt under the map of Lemma 16.21 Then W a { is a basis for 
•A-af ®s Frac(5') over Frac(5') (not over 5 since Ai = —(1 — Si)). 

Lemma 6.3. Suppose w E Wa,{ and s E S . Then ws = (w ■ s)w. 

Proof. It suffices to establish this for w = Si, and s = X £ P. We calculate 

SiX = (1 - aiAi)X 

= A - ai(si ■ X)Ai - ai(a( ', A) 

= (si ■ A) - (si ■ \)a t Ai 

= (si ■ X)8i. 

□ 

6.2. Coproduct. We follow Peterson [Pet] in describing the coproduct of A a f. 
Kostant and Kumar |KK] take a slightly different approach. 

Proposition 6.4. Let M and N be left A a f -modules. Define 

M ® s N = (M ® z N)/{sm ®n-m® sn\ s E S, m E M, n E N). 

Then A a f acts on M ®s N by 

s ■ (m i8> n) = sm ® n 

A4 ■ (m ®n)=Ai-m®n + m®Ai-n — cnAi ■ m® Ai ■ n. 
Under this action we have 

(6.4) w ■ (m ® n) — wm (g) wn 

for any w E W a f ■ 
Proof. By s, = 1 — ctiAi, we see that 

Si ■ (m ® n) — m (x) n — ctiAi ■ m® n — m® Q4A4 ■ n + OtiAi ■ m ® UiAi ■ n 
= Si ■ m ® Si ■ n. 
The formula (J6.4I) then follows. Also 

(sis) ■ (m ®n) — (sis) ■ m ® Si ■ n = (si ■ s)si ■ (m ® n) 
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agreeing with Lemma 16731 Since W a f forms a basis of A a f over Frac(5'), this shows 
that one has an action of A a f ®s Frac(S), assuming that scalars can be extended to 
Frac(S). This would be the case if M <S>s N is a free S- module, which is the case if 
we take M = A a f = N. Since A a f ®s A a f is the universal case, it follows that one 
obtains an action of A a f in general. □ 



Consider the case M = A a f = N. By Proposition 16.41 there is a left S'-modulc 
homomorphism A : A a f — > A a f <E>s A a f defined by A(a) = a • (1 <g> 1). It satisfies 

(6.5) A{q) =s®l for s G S 

(6.6) A(Ai) = 1 (g) Ai + Ai <g> 1 - aiAi <g> A t for i e L 

Let a G A a f and A(a) = J2 V w a v.wA v (g> A w with a v . w G S. In particular if 
b G A^ and A (b) = J2v',w' K',w>A v > <g> A w , then 

(6.7) A(ab) = A(a) • A(6) := J^ a w , w 6 w /, w M wJ 4^/ ® A W A W >. 

v,w,v' ,w' 

Remark 6.5. We caution that A a f ®5 A a f is not a well-defined ring with the obvious 
multiplication. 

6.3. Exercises and Problems. The theory of nilHecke rings in the Kac-Moody 
setting is well-developed |KK1 IKum) . 

(1) The following result is |KK| Proposition 4.30]. Let w G W a { and A G P. 
Then 

A W X = (w ■ X)A W + Yl (a v ,X)A WSa , 

w s a - ^(ws^)— £(w) — 1 

where a is always taken to be a positive root of Waf. The coefficients (a v , A) 
are known as Chevalley coefficients. 

(2) (Center) What is the center of A a f? (See |Lam08[ Section 9] for related 
discussion.) 

7. Peterson's centralizer algebras 

Peterson studied a subalgebra of the affine nilHecke ring in his work |Pet| on the 
homology of the affine Grassmannian. 

7.1. Peterson algebra and j-basis. The Peterson centralizer subalgebra V is the 
centralizer Z^ a{ (S) of the scalars S in the affine nilHecke ring A a f . In this section we 
establish some basic properties of this subalgebra. The results here are unpublished 
works of Peterson. 

Lemma 7.1. Suppose a G A a f. Write a — J2wew a wW, where a w G Frac(S'). 
Then a G IP if and only if a w = for all non-translation elements w ^t\. 

Proof. By Lemma 16.31 we have for s G S 

(y a w w)s = y^ a w (w ■ s)w 

w w 

and so a G P implies a w (w ■ s) — a w s for each s. But using (|4.1[) . one sees that every 
w G Waf acts non-trivially on S except for the translation elements t\. Since S is 
an integral domain, this implies that a w = for all non-translation elements. □ 

Lemma 7.2. The subalgebra ¥ is commutative. 
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Proof. Follows from Lemma 17.11 and the fact that the elements t\ commute, and 
commute with S. □ 

The following important result is the basis of Peterson's approach to afhne Schu- 
bert calculus via the afhne nilHecke ring. 

Theorem 7.3 ( }Pet|lLam08j ). The subalgebra P has a basis {j w | w £ W® { } where 

jw — A w + 2_^ Jw^x 

for jl £ S. 

Peterson constructs the basis of Theorem 17.31 using the geometry of based loop 
spaces (see [Peti ILam08] ). We sketch a purely algebraic proof of this theorem, 
following the ideas of Lam, Schilling, and Shimozono LSS . 

7.2. Sketch proof of Theorem 17.31 Let Fun(W / a f, S) denote the set of functions 
£ : Waf — > S. We may think of functions £ £ Fun(W / a f , S) as functions on A a f, by the 
formula ^{J^wew^ a ™ w ) = J2wG\v a{ £i w ) a w- Note that if a = J2wew a! a w w £ A af , 
the a w may lie in Frac(S') rather than S, so that in general £(a) £ Frac(5). Define 

Haf := {£ G Fun(W a f , S) | £(a) £ S for all a £ A af }. 

Let 

S° f = {£ £ S a f | £(iu) = £(v) whenever wW = vW}. 

It follows easily that H a f has a basis over S given by {£, w | w £ W a i} where 
£ W (A V ) = 5 VW for every v £ W a {. Similarly, S° f has a basis given by {£q \ w £ W af } 
where £q(A v ) = S vw for every v £ W® { . 

The most difficult step is the following statement: 

Lemma 7.4. There is a map u : H a f —¥ H° f defined by u(£,)(t\) = £{t\). 

In other words, w(£) remembers only the values of £ on translation elements, 
and one notes that w(£ t0 ) = £q° for w £ W® { . By Lemma I7TTI £(a) = w(£)(a) for 
£ £ Haf and a £ P. We define {j w eP® Frac(S) | u> G W° { } by the equation 

SO \Jw) = Oiu-u 

for w,v £ W® ( . Such elements j w exist (and span P <g> Frac(S') over Frac(S)) since 
each £ £ H° f is determined by its values on the translations t\. The coefficient j^ 
of A x in ju, is equal to the coefficient of £ff in w(£ x ), which by Lemma [74l must lie 
in S. This proves Theorem 17.31 

Finally, Lemma 17.41 follows from the following description of S a f and S° f , the 
latter due to Goresky-Kottwitz-Macpherson [GKM> Theorem 9.2]. Sec [LSS] for an 
algebraic proof in a slightly more general situation. 

Proposition 7.5. Let £ £ Fun(Waf, S). Then £ G S a f if and only if for each a £ R, 
w £ Waf, and each integer d > we have 

(7.1) £(io(l - £ Q v) d_1 ) is divisible by a^ 1 
and 

(7.2) £(w(l - t a ^) d ~ 1 (l - r a )) is divisible by a d . 

Let £ £ Fun(W a f, S) satisfy £,{w) = £(«) whenever wW = vW . Then £ £ E° f z/ ii 
satisfies (|7.ip . 



22 THOMAS LAM 

Remark 7.6. The ring S a f is studied in detail by Kostant and Kumar [KKj in the 
Kac-Moody setting. 

7.3. Exercises and Problems. 

(1) Show that A sends P to P(g)P. Show that the coproduct structure constants 
of P in the j-basis are special cases of the coproduct structure constants of 
A a f in the A^-basis. 

(2) (j-basis for translations |Pet|ILam08j ) Prove using Theorem 17. 31 that 

(3) (j-basis is self-describing) Show that the coefficients jw directly determine 
the structure constants of the {j w } basis. 

(4) Find a formula for j Si t x (see |LS10( Proposition 8.5] for a special case). 

(5) Extend the construction of P, and Theorem 17.31 to extended affine Weyl 
groups. 

(6) (Generators) Find generators and relations for P. This does not appear to 
be known even if type A. 

(7) Find general formulae for j w in terms of A x . See [LS10 for a formula in 
terms of quantum Schubert polynomials, which however is not very explicit. 

8. (Affine) Fomin-Stanley algebras 

Let 0o : S — > Z denote the map which sends a polynomial to its constant term. 
For example, 4>o(5a1a2 + «2 + 5) = 5. 

8.1. Commutation definition of affine Fomin-Stanley algebra. We write 
(A a f )o for the affine nilCoxeter algebra. There is an evaluation at map c/)q : A a f — > 
(A af ) given by 4>o{^2 w a w A w ) = Y, w Ma w )A w . We define the affine Fomin- 
Stanley subalgebra to be B a f = 4>q(F) C (A a f)o- The following results follow from 
Lemma 17.21 and Theorem 17.31 

Lemma 8.1. The set B a f C (A a f)o is a commutative subalgebra of (A a f)o- 

Theorem 8.2 QLam08j). The algebra B a f has a basis {j% \ w € W® { } satisfying 

Jw = ^-w + / Jw^-x 

x ^ W af 

e(x)=t(w) 

and j^ is the unique element in B a f with unique Grassmanian term A w . 

Proposition 8.3 ( Lam08 ). The subalgebra B a f C (A a f)o is given by 

B af = {a e (A af )o|</>o(as) = 4>o{s)a for all s e S}. 

Proposition l8.3l is proved in the following exercises (also see |Lam08| Propositions 
5.1,5.3,5.4]). 

Exercise 5. 

(1) Check that a G B a f satisfies 0o( as ) = <A)(s)a for all s G S, thus obtaining 
one inclusion. 

(2) Show that if a = J2w<ew a wA w G Ao lies in B a f, then a is a multiple of A^. 
(Hint: the action of Aq on S via divided difference operators is faithful. See 
Section [5^4\ ) 
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(3) Suppose that a € (A a f)o satisfies the condition (f>o(as) = <po(s)a for all 
s G S. Use (2) to show that a must contain some affine Grassmannian 
term A w , w G W® { . Conclude by Theorem \8.2\ that a G B a f . 

A basic problem is to describe B a f explicitly. We shall do so in type A, following 
|Lam08| and connecting to affine Stanley symmetric functions. For other types, see 
[LSSlOllPTm] . 

8.2. Noncommutative /c-Schur functions. In the remainder of this section, we 
take W = S n and W a f — S n - We define 

h fc = ^2 Aw 

w cyclically decreasing: £(w)=k 

for k = 1, 2, . . . , n — 1. Introduce an inner product (., .) : (A a f) x (A a f) — > Z given 
by extending linearly (A W ,A V ) = S wv . 

Definition 6. The affine Stanley symmetric function F w is given by 

a: 

where the sum is over compositions a = (ai, ai-, ■ ■ ■ , ag). 

Below we shall show that 
Theorem 8.4 QLam08j). The elements hi,h2, . . . ,h n -i S (A a f)o commute. 

Assuming Theorem l8.4l Theorem 13.21 follows. 

Define the noncommutative fc-Schur functions s\ G (A a f)o by writing the k- 
Schur functions s x (see Section [3]) as a polynomial in hi, and replacing hi by 
hi- 

Proposition 8.5 ([Lam08]). Inside an appropriate completion o/(A a f)o® A^ ; we 
have 

a XeB"- 

where the sum on the left hand side is over all compositions. 

Proof. Since {s x } and {F\} are dual bases, we have by standard results in sym- 
metric functions [EC21 IMacj that 

a XeB" 

inside A(„) (g) A.( n \ Now take the image of this equation under the map A(„) — >• 
(Aaf)o, given by hi >-)• h t . D 

It follows from Definition |6] and Proposition 18.51 that 

F w = Y,( s x\ A ^}Fx- 
x 

Thus the coefficient of A w in s^ ' is equal to the coefficient of F\ in F w . By Theorem 
13.51 it follows that 

(8.1) s[ k) = A V + J2 a w xA w . 

w£W° t 
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In particular, 

Proposition 8.6 ( Lam08 ). The subalgebra of (A a f)o generated by hi,...,h n _i 

is isomorphic to Ar n \, with basis given by s x . 

8.3. Cyclically decreasing elements. For convenience, for I C Z/nZ we define 
A j := A w , where w is the unique cyclically decreasing affine permutation which 
uses exactly the simple generators in /. 

Theorem 8.7 ([Lam08]). The affine Fomin- Stanley subalgebra B a f is generated by 
the elements hk, and we have j° = s^ where w £ W® f satisfies X(w) = A. 

Example 13. Let W — S3. A part of the j-basis for B a f is 

f so =A + A 1 + A 2 
fs lSo = A w + A 21 + A 02 

J%so = A 01 +A 12 +A 20 
Js 2 s 1 s = -^101 + ^102 + j4.210 + ^212 + Aq20 + A)21 
Js 1 s 2 s — ^101 + ^201 + A)12 + ^212 + A)20 + ^-120 

We give a slightly different proof to the one in |Lam08| . 

Proof. We begin by showing that h^ G B a f. We will view S as sitting inside the 
polynomial ring Z[xi,X2, . . . ,x n ]; the commutation relations of A a f can easily be 
extended to include all such polynomials. To show that h^ £ B a f it suffices to 
check that 0o(hfc£i) = for each i. But by the Z/nZ-symmetry of the definition 
of cyclically decreasing, we may assume i = 1. 
We note that 

{Xi+xAi + 1 j — i 
x^iAi - 1 j = i - 1 
XiAj otherwise. 

Now let / C Z/nZ be a subset of size k. Then 

{A/\{ 1} r, r + I, . . . , n - I, 0, 1 £ / but r - 1 £ I 

- ES° 4r\{i} r,r + 1, ... ,n - 1, € I but r - 1, 1 g J 
otherwise. 

Given a size k— 1 subset J C Z/nZ not containing 1, we see that the term Aj comes 
up in two ways: from 4>o(Aju{i} x i) with a positive sign, and from <fio(Aju{r'} x i) 
with a negative sign, where r + 1, ... ,n — 1, all lie in J. 

Thus hfc G B a f for each k. It follows that the h^ commute, and by (|8.ip . it 
follows that j!^ = s\ ' and in particular h^ generate B a f . □ 

8.4. Coproduct. The map A : A a f — > A a f ®s A a f equips P with the structure of a 
Hopf-algebra over S: to see that A sends P to P®sP, one uses A(t\) = t\®t\ and 
Lemma 1 7. II Applying <pQ, the afhne Fomin-Stanley algebra B a f obtains a structure 
of a Hopf algebra over Z. 

Theorem 8.8 ( Lam08 ]). The map A(„) — > B a f given by hi i-> h^ is an isomorphism 
of Hopf algebras. 
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By Proposition 18. 6[ to establish Theorem 18.81 it suffices to show that A(hfc) = 
Si=o hj ® hfe-j- This can be done bijectively, using the definition in Section HOI 

8.5. Exercises and Problems. Let W be of arbitrary type. 

(1) Find a formula for j° Q . See [LS071 Proposition 2.17]. 

(2) For W — S3, use Proposition 13.81 to give an explicit formula for the non- 
commutative fc-Schur functions. 

(3) (Dynkin automorphisms) Let u> be an automorphism of the corresponding 
Dynkin diagram. Then u> acts on (A a f)o, and it is easy to see that u>(B a f) = 
B a f . Is B a f invariant under u>? (For W = S n this follows from Theorem l8.7[ 
since the h^ are invariant under cyclic symmetry.) 

(4) (Generators) Find generators and relations for B a f , preferably using a subset 
of the j-basis as generators. See [LSS101 IPon] for the classical types. See 
also the proof of Proposition 19.21 below. 

(5) (Power sums |BSZ|, Corollary 3.7]) Dehne the noncommutative power sums 
Pfe € B a f as the image in B a f of pk G A( n ) under the isomorphism of 
Proposition 18.61 Find an explicit combinatorial formula for p^. (See also 
ES].) 

(6) Is there a nice formula for the number of terms in the expression of j° in 
terms of {^z}? This is an "affine nilCoxeter" analogue of asking for the 
number of terms sx(l, 1, . . . , 1) in a Schur polynomial. 

(7) Find a combinatorial formula for the coproduct structure constants in the 
j-basis. These coefficients are known to be positive |Kumj . 

(8) Find a combinatorial formula for the j-basis. It follows from work of Pe- 
terson (see also |Lam08[rLS10| ) that the coefficients j* are positive. 

9. Finite Fomin-Stanley subalgebra 

In this section we return to general type. 
There is a linear map k : A — > (A a f )o given by 

K (A ) = \ Aw w€W 

[O otherwise. 

The finite Fomin-Stanley algebra B is the image of P under k. Since /c(hfc) = h^, 
this agrees with the definitions in Section [5J 

Conjecture 9.1. 

(1) The finite Fomin-Stanley algebra B satisfies Conjecture \5.5l 

(2) The image k(J^) G B of the j-basis element j° 6 B a f is a nonnegative 
integral linear combination of the bj-basis. 

(3) If w G W®( is such that there is a Dynkin diagram automorphism ui so that 
(jj(w) G W, then k(j°) belongs to the bj -basis. 



Example 14. Let W = S4 and W a f = S4 . Then B is described in Example [LM 

(k) 

One calculates that S221 = 5 22i + S32 so that 

K ( S 22l) = S 221 + S32 = ^32132 + ^23123 G B. 

This supports Conjecture \9.V( 2). and shows that k(j^,) does not have to be egual to 
or to some 6j. 
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In the following we allow ourselves some geometric arguments and explicit cal- 
culations in other types to provide evidence for Conjecture 19.11 



Example 15. Let W — G 2 with long root a± and short root a 2 . Thus a® is also a 
long root for G 2 . As usual we shall write Ai 1 i 2 ...i t for A Si Si ... Si and similarly for 
the j -basis. The affine Grassmannian elements of length less than or equal to 5 are 

id, s , Si$o, s 2 sis , sis 2 sis , s 2 sis 2 sis , s sis 2 sis . 

And the j-basis is given by 



7° 

•Ad 


= 1 






JO 


= A + 2Ai + A 2 






J 10 


= l(j°of 






1° 

J210 


= \(fo) 3 






1° 

J1210 


= \(fo) 4 








21210 


= ^21210 + A 2 i 2 qi 


+ 2A2101: 


> + Ai 2 io 2 




+ ^.12012 + ^02121 


+ 3A01201 


+ ^01212 




01210 


= ^01210 + ^01201 
+ ^21201 + A 2 \ 2 \ 2 


+ Aq 2 \ 2 \ 


+ Ai 2 qi 2 - 



f 3^12101 + 2y4l2121 

-A12101 + Ai 2 iq 2 + A 2 iqi 2 



which can be verified by using Theorem \8.SX Note that J21210 +iomo = iO'o) 5 - 
Thus B has basis 

id, 2Ai+A 2 , A12+A21, 2A121 + A212, A\ 2 i 2 + A 2 i 2 i, 2A12121, -A21212, ?^4i2i2i2 

where the coefficient of Ay 2 y 2 \ 2 depends on the j-basis in degree 6. The root poset 
of G 2 is a\,a 2 -< a\ + a 2 -< a\ + 2a2 -< a\ + ia 2 -< 2ai + 3a 2 . Both Conjectures 
15.51 and \9.1\ hold with this choice of basis. 

Proposition 9.2. Over the rationals, the finite Fomin-Stanley subalgebra B (g>z Q 
has a set of generators in degrees equal to the exponents of W . 

Proof. Let Gr^j denote the affine Grassmannian of the simple simply-connected 
complex algebraic group with Weyl group W. It is known ILam08| Theorem 5.5] 
that B a f — i?*(Grc,Z). But over the rationals the homology H*(Grc,Q) of the 
affine Grassmannian is known to be generated by elements in degrees equal to 
the exponents of W, see |Gin] . (In cohomology these generators are obtained by 
transgressing generators of H* {K, Q) which are known to correspond to the degrees 
of W .) Since these elements generate B a f , their image under k generate B. □ 

9.1. Problems. 

(1) Find a geometric interpretation for the finite Fomin-Stanley algebras B and 
the conjectural basis &/. 

(2) Find an equivariant analogue of the finite Fomin Stanley algebra B, with 
the same relationship to B as P has to B a f. Extend Conjectures 15. 51 and 19. II 
to the equivariant setting. 
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10. Geometric interpretations 

In this section we list some geometric interpretations of the material we have dis- 
cussed. Let G be the simple simply-connected complex algebraic group associated 
to W. (Co)homologies are with Z-coefficients. 

(1) The affine Fomin-Stanley subalgebra B a f is Hopf-isomorphic to the homol- 
ogy H„(Gtg) of the affine Grassmannian associated to G. The j-basis {j w } 
is identified with the Schubert basis. |Pet] |Lam08| Theorem 5.5] 

(2) The affine Schur functions F\ represent Schubert classes in H* (Gr sL(n))- 
[Lam081 Theorem 7.1] 

(3) The affine Stanley symmetric functions are the pullbacks of the cohomology 
Schubert classes from the affine flag variety to the affine Grassmannian. 
|Lam08| Remark 8.6] 

(4) The positivity of the affine Stanley to affine Schur coefficients is established 
via the connection between the homology of the Gtq and the quantum 
cohomology of G/B. [Pit] [LSIQ] [LL] 

(5) The (positive) expansion of the affine Schur symmetric functions {F\} for 
W a f — S n in terms of {F^} for W a t — S n -i has an interpretation in terms 
of the map H*{nSU{n + 1)) -> H*{nSU{n)) induced by the inclusion 
nSU(n) *-} nSU(n + 1) of based loop spaces. |Lam09j 

(6) Certain affine Stanley symmetric functions represent the classes of positroid 
varieties in the cohomology of the Grassmannian. [KLSj 

(7) The expansion coefficients of Stanley symmetric functions in terms of Schur 
functions are certain quiver coefficients. [BucOlj 
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